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^ ■ Abstract 

^ . We bound from above the expected total Betti number of a high degree random 

real hypersurface in a smooth real projective manifold. This upper bound is deduced 

CN ' from the equirepartition of critical points of a real Lefschetz pencil restricted to the 

complex domain of such a random hypersurface, equirepartition which we first estab- 
lish. Our proofs involve Hormander's theory of peak sections as well as the formula 
, of Poincare-Martinelli. 
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Introduction 



The topology of real projective manifolds is under study since the nineteenth cen- 
tury, when Axel Harnack and Felix Klein discovered that the number of connected 
00 I components of the real locus of a smooth real projective curve is bounded from above 

^ ■ by the sum of its genus and the number of connected components of its complex 

^ . domain, see [7], [12], while David Hilbert has devoted his sixteenth problem to such 

a study. Recall that by definition, a real projective manifold X is the vanishing locus 
O I in some complex projective space of a collection of homogeneous polynomials with 

real coefficients. It inherits an antiholomorphic involution cx from the ambient com- 
plex conjugation. The real locus MA is the set of real solutions of the polynomial 
equations, that is the fixed point set of cx- Rene Thom [T7j later observed as a con- 
rS \ sequence of Smith's theory in equivariant homology, that the total Betti number of 

c^ ' the real locus of a smooth real projective manifold is actually always bounded from 

above by the total Betti number of its complex locus, extending Harnack-Klein's in- 
equality, see Theorem [2j On the other hand, John Nash proved that every closed 
smooth manifold can be realized as a component of the real locus of a smooth real 
projective manifold. 

Real projective manifolds achieving the upper bound given by Harnack-Klein or 
Smith-Thom's inequalities are called maximal. Real maximal curves in smooth real 
projective surfaces appear to be exponentially rare in their linear system as their 
degree grows, see [5] . What is then the expected topology of real hypersurfaces in a 
given smooth real projective manifold A? We tackle here this question, measuring 
the topology of hypersurfaces by the total Betti numbers of their real loci. The 
answer to this question indeed turns out to be only known for the real projective line 
thanks to Mark Kac [11] , Michael Shub and Stephen Smale [16] or Alan Edelman and 



Eric Kostlan |3]. From these works follows that the expected number of real roots 
of a random real polynomial in one variable and degree d is yd. We establish here 
general upper bounds for the expected total Betti numbers of real hypersurfaces in 
real projective manifolds. More precisely, let X be a smooth real projective manifold 
of positive dimension n equipped with a real ample line bundle L. The growth of 
the total Betti number of complex loci of hypersurfaces linearly equivalent to L'^ is 
polynomial in d of degree n, see Lemma |3l We prove the following, see Theorem H] 
and [51 

Theorem 1 Let {X,cx) be a smooth real projective manifold of dimension n greater 
than one equipped with a Hermitian real line bundle (L, cl) of positive curvature. 
Then, the expected total Betti number of real loci of hypersurfaces linearly equivalent 
to L'^ is a o{d"'). If n = 2 or if X is a product of smooth real projective curves, then 
it is even a 0{d'2{\ogd)"-). 

The probability measure that we consider on the complete linear system of real divi- 
sors associated to L'^ is the Fubiny-Study measure arising from the L^-scalar product 
induced by the Hermitian metric of positive curvature fixed on L, see §3.11 When 
X is one-dimensional, upper bounds as the ones given by Theorem [1] can already be 
deduced from our work [5] . In order to prove Theorem [H we first fix a real Lefschetz 
pencil on X, which restricts to a Lefschetz pencil on every generic hypersurface of X. 
The number of critical points of such a restriction has the same asymptotic as the 
total Betti number of the hypersurface, see §1.21 We then prove that these critical 
points get uniformly distributed in X when the degree increases and more precisely 
that the expected normalized counting measure supported by these critical points 
converges to the volume form induced by the curvature of the Hermitian bundle L, 
see Theorem El The latter weak convergence proved in Theorem El is established 
outside of the critical locus of the original pencil when n > 2 and away from the 
real locus of X. Note that we first prove this equirepartition result over the complex 
numbers, see Theorem [31 In order to deduce Theorem [H from this equirepartition 
result, we observe that the total Betti number of real loci of hypersurfaces is bounded 
from above by the number of critical points of the restricted Lefschetz pencil in a 
neighborhood of the real locus, which we choose of size -^^ thanks to the theory of 

Hormander's peak sections, see §2.31 The bound da (log d)" of Theorem [H indeed ap- 
pears to be the volume of a -^^-neighborhood of the real locus for the metric induced 

by the curvature form of L"^. 

Theorems [3l and [HI on equirepartition of critical points are independent of Theorem 
[H which motivated this work. Note also that the expected Euler characteristic of the 
real locus of such random hypersurfaces has been computed in [10] and [T] . Finally, 
while we were writing this paper in June 2011, Peter Sarnak informed us that he is 
able to prove together with Igor Wigman in a work in progress that the expected 
number of connected components of real curves of degree d in M.P'^ is even a 0{d). 

Our paper is organized as follows. In the first paragraph, we recall few results 
about total Betti numbers of real projective manifolds, critical points of Lefschetz 
pencils and their asymptotics. The second paragraph is devoted to Theorem [31 about 
equirepartition of critical points of Lefschetz pencils restricted to complex random 
hypersurfaces. The theory of peak sections of Hormander and Poincare-Martinelli's 
formula play a crucial role in the proof, see §2.2.21 and §2.31 Finally in the third 



paragraph, we first establish the real analogue of Theorem [3l see Theorem [6l and 
then deduce Theorem [1] from it, that is upper bounds for the expected total Betti 
numbers of the real locus of random real hypersurfaces, see Theorems H] and |3 
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1 Betti numbers and critical points of Lefschetz pencils 

This first paragraph is devoted to Lefschetz pencils, total Betti numbers and their 
asymptotics. 

1.1 Real Lefschetz pencils and Betti numbers 

Let X be a smooth complex projective manifold of positive dimension n. 

Definition 1 A Lefschetz pencil on X is a rational map p : X --->■ CP^ having 
only non degenerated critical points and defined by two sections of a holomorphic line 
bundle with smooth and transverse vanishing loci. 
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We denote by B the base locus of a Lefschetz pencil p given by Definion [T], that is 
the codimension two submanifold of X where p is not defined. A Lefschetz pencil 
without base locus is called a Lefschetz fibration. Blowing up once the base locus of 
a Lefschetz pencil turns it into a Lefschetz fibration. When the dimension n of X 
equals one, the base locus is always empty and a Lefschetz fibration is nothing but a 
branched cover with simple ramifications. Hence, the following Proposition [T] extends 
to Lefschetz fibrations the classical Riemann-Hurwitz formula. 

Proposition 1 Let X be a smooth complex projective m,anifold of positive dim,ension 
n equipped with a Lefschetz fibration p : X ^ CP^ and let F be a regular fiber of p. 
Then, the Euler characteristics of X and F satisfy the relation 

X{X) = 2x{F) + (-l)"#Cni(p), 

where Crit{p) denotes the set of critical points of p. 

Proof. Denote by oo = p{F) G CP^ and by Fq the fiber of p associated to a 
regular value G CP^ \ {cxd}. Let Uq (resp. Uoo) be a neighborhood of (resp. cx)) 
in CP\ without any critical value of p. Since Uoo (resp. Uq) retracts on F (resp. 
Fq), we know that x(p~^(^o)) = x(p~^(^oo)) = x{F), whereas from additivity of 
the Euler characteristic, x{^) = x{^) ~ '^x{F)i where X denotes the complement 
X \p~^{Uo U Uoo). Without loss of generality, we may assume that in an affine chart 
C = CP^ \ {oo}, corresponds to the origin, Uq to a ball centered at the origin and 
Uoo to a ball centered at oo. The manifold X comes then equipped with a function 
f : X E X i-^ b(2^)P £ IR+ C C, taking values in a compact interval [a, b] of R;^. This 
function / is Morse and has the same critical points as p, all being of index n. Indeed, 
the differential of / writes df = pdp + pdp and vanishes at x G X if and only if dp\x 
vanishes. Moreover, its second differential is the composition of the differential of the 
norm |.p with the second differential of p. The multiplication by i exchanges stable 
and unstable spaces of these critical points which are non degenerated. Hence, X is 
equipped with a Morse function f : X ^ [a,b] having #Crit(p) critical points, all of 
index n. By the Morse Lemma (see [I3]), the topology of f^^{[a,a + e]) changes, as 
e grows, only at the critical points, where a handle D" x D" of index n is glued on a 
submanifold diffeomorphic to D" x S*""^. From this Morse theory we deduce that 

X(X) = #Crit(p)(l - x(5"-')) = (-l)"#Crit(p) 

and the result. □ 

Recall that a complex projective manifold X C CP^ is said to be real when it is 
defined over the reals, as the vanishing locus of a system of polynomial equations 
with real coefficients. It inherits then an antiholomorphic involution cx '■ X ^ X , 
which is the restriction of the complex conjugation conj : [zq : ■ ■ ■ : Zn) G CP" — )■ 
{-z^ : ■■■ -.X) e CP". Its fixed point set MX C MP" is called the real locus of X. 
When X is smooth, the latter is either empty or half-dimensional. 

Definition 2 Let (X, cx) be a smooth real projective manifold of positive dimension 
n. A Lefschetz pencil p : X ---> QP^ is said to be real iff it satisfies pocx = conj op. 

Such a real Lefschetz pencil given by Definition [2] is then defined by two real sections 
ctq, o'l of a holomorphic real line bundle vr : (X, cjy) — )■ (X, Cx), where nocx = Cxoii- 



Now, if M is a smooth manifold of positive dimension ra, we denote by 

n 

K{M;Z/2Z) = ^dimi7i(M;Z/2Z) 



i=0 



its total Betti number with Z/2Z-coefiicients. 

Lemma 1 Let M be a smooth manifold equipped with a sm,ooth fibration p : M ^ 
M.P^ and F be a regular fiber of p. Then, the total Betti numbers of M and F satisfy 

b,{M; Z/2Z) < Ab,{F; Z/2Z) + #Cnt{p). 

This relation also holds when M is the real locus of a smooth real projective manifold 
and p the restriction of a real Lefschetz pencil. 

Proof. Denote by oo = p{F) G MP^ and by Fq the fiber of p associated to a regular 
value G M.P^ \ {oo}. Let Jq (resp. I^o) be a neighborhood of (resp. oo) in RP^, 
so that Iq and /oo cover MP^, such that I^o contains only regular values of p. Now, 
set Uq = p~^{Io) and Uoo = p~^{Ioo), so that Uq U Uoo = M. From the Mayer- Victoris 
formula follows that 

6*(M) < 6,(f/o) + 6*(f/oo) + 6*(f/o n f/oo) < &*(f/o) + 36*(P), 

since we may assume that Uq fl f/oo retracts onto two fibers of p. Now, the restriction 
of p to Uq is a Morse function taking values in Jq and having the same critical points 
as p. By the Morse Lemma, b^{Uo) < 6*(P) + #Crit(p|]8x)- This proves the first part 
of Lemma [H ^ 

Up : X --">■ CP^ is a real Lefschetz pencil with base locus B, we denote by X — )■ X 
the blow-up of P in X and by p : X -> CP^ the induced Lefschetz fibration. From 
what has just been proved, we know that 

b,(RX; Z/2Z) < 46,(MP, Z/2Z) + 4^Cnt{p^^^), 

where F denotes the fiber of p associated to F. Moreover the morphism P*(MX; Z/2Z) — )■ 
P=i,(]RX; Z/2Z) is onto, since every element of if*(MX;Z/2Z) has a representative 
transverse to MP and a proper transform in M.X. It follows that 6* (MX) < 6^,(MX) 
whereas the projection M.F — )■ M.F is a diffeomorphism. □ 

Recall finally the following Theorem [2] proved by R. Thom in [17] , as a consequence 
of Smith's exact sequence in equivariant homology. 

Theorem 2 Let (X, cx) be a smooth real projective manifold with real locus MX. 
Then, the total Betti numbers of X and MX satisfy 6,(MX;Z/2Z) < 6,(X;Z/2Z). 

The manifolds for which equality holds in Theorem [2] are called maximal. For in- 
stance, real projective spaces are maximal. When X is one-dimensional and irre- 
ducible, Smith-Thom's inequality given by Theorem |2] reduces to the Harnack-Klein's 
inequality, up to which the number of connected components of MX is bounded from 
above by g{X) + 1, where g{X) denotes the genus of the curve X, see [19] and ref- 
erences therein. Real maximal curves in real projective surfaces turn out to become 
exponentially rare in their linear system as their degree grows, see [3]. 



1.2 Asymptotics 

Given a holoniorphic line bundle L over a smooth complex projective manifold X, we 
denote, for every non trivial section a of L, by C^ its vanishing locus. 

Lemma 2 Let L he a holomorphic line bundle over a smooth complex projective man- 
ifold X of positive dimension n. For every section cr of L which vanishes transver sally, 
the Chern classes of its vanishing locus C„ write: 

j 
Vj G {1, ■ ■ ■ , n - 1}, c,(a) = 5^(-l)'=Ci(L)'= A c,^k{X)\c. G H''{C^; Z). 

fc=0 

In particular, if {ad)d>o is a sequence of sections of L'^ given by Lemma Ui the Eu- 
ler characteristic of C^^ is a polynomial of degree n in d with leading coefficient 

(-irVxciW". 

Proof. The adjunction formula for X, C^ and L writes c{X)\Ca = c{C(^) Ac{L)\c„, 
since the restriction of L to Ca is isomorphic to the normal bundle of C^ in X. As a 
consequence, ci{X)\c^ = ci(Co-) + ci(L)|c^ and for every j G {2, ■ ■ ■ , ra — 1}, 

c,(^)|c. = c,(a) + c,--i(a) A Ci(L)|c,. 
Summing up, we get the result. □ 

Lemma 3 Let L be an ample line bundle over a smooth complex projective mani- 
fold of positive dimension n. Let {(Td)d>o be a sequence of sections of L'^ vanishing 
transver sally. Then, 

6,(a,;z/2z) = (-i)"-ix(aj + 0(1) = (j^c^iiA rf" + o(rf"-i). 

Proof. When d is large enough, L'^ is very ample and we choose an embedding of 
X in CP^, A > 0, such that L'^ coincides with the restriction of Oqpn{1) to X. 
Then, Co-^ writes X r\ H where // is a hyperplane of CP^ . By Lefschetz's theorem 
of hyperplane sections, for < i < n — 1, dim Hi{C^^; Z/2Z) = dim. Hi{X; Z/2Z) and 
then by Poincare duality, dimif2n-2-j(C*o-^; Z/2Z) = dimiJ2n-j(A; Z/2Z). Hence 

6,(a,;Z/2Z) = dimi7„_i(a,;Z/2Z) + 0(l) 



ir'x(aj + o(i: 



The result now follows from Lemma [2l □ 

Proposition 2 LetX be a smooth complex projective manifold of dimension n greater 
than one equipped with a Lefschetz pencil p : A ---> CP^ . Let L -^ X be a holomorphic 
line bundle and ad be a section of L'^ which vanishes transversally, where d > 0. 
Assume that the restriction of p to C^^ is Lefschetz. Then, the number of critical 
points of the restriction p\c„ equals {J^ Ci{L)"')d^ + 0{d" 



Jn-U 



Proof. Denote by X (resp. C^^) the blow-up of the base locus B (resp. B n Ca^) of 
p (resp. p\c„ ), so that X (resp. Ca^) is equipped with a Lefschetz fibration induced 
by p : X — 7- CP^ (resp. P|g : Cg-^ — )■ CP^). Let P be a regular fiber of p transverse 
to Cfj^ and P be the corresponding fiber in X. By Proposition [H 



-i)"-^#crit(p|c. J = x(aj - 2x(p n a 



From additivity of the Euler characteristic, we know that xiC^^) = xiC^J + x{B fl 
Co- J. The exceptionnal divisor of Co-^ over B fl C^-^ is indeed a ruled surface over 
PnCo-^ of Euler characteristic 2x(PnCo-^). Likewise, x(-f^nCo-^) = xi^^Co-J, since 
the projection P fl C^ -^^ P fl Co- is a diffeomorphism. The result now follows from 
Lemma [21 which provides the equivalents 



x(aj -.^oo (-ir^ (^y^ci(Lr J d", 

X{B n aj -d^oo (-1)"-' ( I Cr{L)^-^\ rf"-' and 



B 



x(Pnaj~d^oo(-i^ 
n 



^^-^^ j^c,{L)y\r-' 



2 Random divisors and distribution of critical points 

Let X be a smooth complex projective manifold equipped with a Lefschetz pencil. 
The restriction of this pencil to a generic smooth hypersurface C of X is a Lefschetz 
pencil of C. The aim of this paragraph is to prove the equidistribution in average of 
critical points of such a restriction to a random hypersurface C of large degree, see 
Theorem [3l The estimations of the total Betti number of real hypersurfaces will be 
obtained in paragraph [3] as a consequence of a real analogue of this Theorem [3l see 
Theorem [61 

We first formulate this equirepartition Theorem [21 then introduce the main in- 
gredients of the proof, namely Poincare-Martinelli's formula and Hormander's peak 
sections. Finally, we prove Theorem [31 Note that this paragraph is independent of 
the remaining part of the paper, it does not involve any real geometry. 

2.1 Notations and result 

Let X be a smooth complex projective manifold of positive dimension n equipped 
with a Lefschetz pencil p : X ---> CP^ with base locus B G X. Let L — )■ X be a 
holomorphic line bundle equipped with a Hermitian metric h of positive curvature 
u E r2*^^'^)(X; M). The latter is defined in the neighborhood of every point x E X 
by the relation u = ^ddlogh{e,e), where e is a local non vanishing holomorphic 
section of L defined in the neighborhood of x. The curvature form induces a Kahler 
metric on X and we denote by dx = r" „ its associated normalized volume form. 

For every integer d > 0, we denote by h'^ the induced Hermitian metric on the bundle 



L'^ and by ( ) the induced L^-Hermitian product on the space H^{X] L'^) of global 
sections of L'^. This product is defined by the relation 



cr, r 



e H%X-L'^) X H^{X-L'^) ^ {a,r) = f h\a,T)dx e C. 



Denote by A'^^ the dimension of H^{X; L'^) and by fi its Gaussian measure, defined by 
the relation 



T^ '' J A 



where ||cr|p = (cr, cr) and da denotes the Lebesgue measure associated to ( ). Denote 
by Arf C H^{X]L'^) the discriminant locus, that is the set of sections of H^{X]L'^) 
which do not vanish tranversally. Likewise, denote by A^ G H^{X]L'^) the union of 
A^ with the set of sections a G H^{X] L'^) such that either the restriction of p to C^ 
is not Lefschetz, or this vanishing locus C^ meets the critical set Crit(p). By Bertini's 
theorem (see for example Theorem 8.18 of [8]), A^ is a hypersurface of H^{X; L'^) as 
soon as d is large enough, which will be assumed throughout this article. 

For every section a G H^{X] L'^) \ A^, denote by TZ^ the set of critical points of 
the restriction p\c^ oi p to Ca, so that by Proposition [2], the cardinal #7^cr of this set 
is equivalent to {J^ u^)d^ as d grows to infinity. For every a; G X, we finally denote 
by 6x the Dirac measure x ^ C°(X, M) \-^ x(^) ^ J^- 

Definition 3 For every a G H^{X;L'^) \ A^, the measure u^ = -^j^'Ylixeii ^^ ^'^ 
called the probability measure of X carried by the critical points of p\c„- 

Our goal in this paragraph is to prove the following Theorem [3] which asymptotically 
computes the expected probability measure given by Definition [31 

Theorem 3 Let X be a smooth complex projective manifold of dimension n greater 
than one equipped with a Lefschetz pencil p : X ---> £-P^ with critical locus Crit{p). 
Let L ^ X be a holomorphic line bundle equipped with a Hermitian metric h of 
positive curvature u. Then, for every function x '■ X ^ M. of class C^ such that, 
when n > 2, the support ofddx is disjoint from Crit{p), we have lim(i_j.oo E{{i^cti x)) = 
JxXdx, where E{{v^,x)) = Im(X;Ld)\A^'^<^^x)dfi{a). 

Note that similar results as Theorem [31 on equirepartition of critical points of sections, 
have been obtained in [2], [3] by M. Douglas, B. Shiffman and S. Zelditch. 

Note also that the equirepartition Theorem [3l as well as Theorem [6l is local in 
nature and does not depend that much on a Lefschetz pencil. Any local holomorphic 
Morse function could be used instead of a Lefschetz pencil, leading to the same proof 
and conclusions. 

2.2 Poincare-Martinelli's formula and adapted atlas 

2.2.1 Adapted atlas and associated relative trivializations 

Definition 4 Let X be a smooth complex projective manifold of positive dimension 
n equipped with a Lefschetz pencil p : X --■> CP^. An atlas lA of X is said to be 
adapted to p iff for every open set U G U, the restriction of p to U is conjugated to 
one of the following three models in the neighborhood of the origin in C".' 



(r) {zi,--- ,zn) eC ^ ZneC 

(b) {z,,---,zn)e C" \ C"-2 ^ [z^_^ , ^j e cpi 

(c) {zu--- ,Zn)eC'''^zf + --- + zl e C 

Every atlas of X becomes adapted in the sense of Definition |4] after refinement. Let 
X be a point in X. If x is a regular point of p, by the implicit function theorem it has 
a neighborhood biholomorphic to the model (r) of Definition m If x is a base point 
(resp. a critical point), it has by definition (resp. by the holomorphic Morse Lemma) 
a neighborhood biholomorphic to the model (b) (resp. (c)) of Definition |H 

In the model (r), the vertical tangent bundle ker((ip) is trivialized by the vector 
fields ^, ■ ■ ■ , -Q^ — of C". In the model (b), it is trivialized outside of the base locus 

by the vector fields Zn-ig^ h ^n^, '^i" ' i gf of *C'". In the model (c), when 

77, = 2, it is trivialized outside of the critical point by the vector field zi-£, — 22^ of 

Definition 5 Let X be a smooth complex projective m,anifold of positive dim,ension 
n equipped with a Lefschetz pencil p : X --■> CP^ and an adapted atlas U. A relative 
trivialization associated to U is the data, for every open set U ElA, ofn—1 vector fields 

on U corresponding to the vector fields ^, ■ ■ ■ ■, a~ — '^f^ ihe model [r), to z^-i-q^ h 

Zn^, ^, ■ ■ ■ , -Q^ — in the model (b) and to Zi-^ — ^2^ ^^ ^he model (c) whenn = 2. 

Note that in the model (c) given by Definition S] the vertical tangent bundle keT{dp) 
restricted to C" \ {0} is isomorphic to the puUback of the cotangent bundle of CP^~^ 
by the projection tt : C" \ {0} — )■ CP"~^. Indeed, the fibers of this vertical tangent 
bundle are the kernels of the 1-form a = 'Yl^=iZidzii so that the restriction map 
induces an isomorphism (C")*/ < a >= [kei dp)*. But the canonical identification 
between C" and (C")* gives an isomorphism between the bundle (C")*/ < a > and 
7r*(TP"-i) over C" \ {0}. By duality, we get the isomorphism ker(dp) ^ 7r*T*CP"~^. 
When 77, > 2, we no more see trivialisations of this bundle over C" \ {0} and thus 
restrict ourselves to n = 2 for the model (c) in Definition [61 

Definition 6 Let X be a smooth complex projective manifold of positive dimension 
n equipped with a Lefschetz pencil p : X --■> CP^ and with a holomorphic line bundle 
L -^ X . An atlas U is said to be adapted to {p, L) if it is adapted to p in the sense of 
Definition^ and if for every open set U &U, the restriction of L to U is trivializable. 
A relative trivialization associated to U is a relative trivialization in the sense of 
Definitionl^ together with a trivialization e of L\u, for every open set U ofU. 

2.2.2 Poincare-Martinelli's formula 

Let X be a smooth complex projective manifold of positive dimension n equipped with 
a Lefschetz pencil p : X --^y CP^ of critical locus Crit(p). Let L ^ X he an ample 
holomorphic line bundle equipped with a Hermitian metric h of positive curvature 
oj E il^^'^\X; M). Let U be an atlas of X adapted to {p, L) and (u 1, ■ ■ ■ , fn-i, e) be 
an associated relative trivialization given by Definition O Let U be an element of 
U. For every section a G H^{X;L'^), we denote by f^^^u : t/ — t- C the holomorphic 
function defined by the relation a\u = fa,ue.fjj. When a ^ A^, the set 71^ H U 



coincides by definition with the transverse intersection of the hypersurfaces {fcr,u = 
0},{<9/a,c/(^i) = O},--- ,{df^^u{vn-i) = 0}. For every function x ■ X ^ R with 
compact support in U, Poincare-Martinelli's formula (see [B]) then writes here: 

(^., X) = i^Ti^ [ >^uddx A {ddXuT-\ (PM) 

where 

i=i 

Note that in this definition of Xu, we have chosen for convenience to use df^^u instead 
of fcr,u as the first function. This formula of Poincare-Martinelh computes the integral 
of X for the measure Ucr introduced in Definition [3l its left hand side does not involve 
any trivialization of L over U, contrary to the right hand side. It makes it possible to 
estimate the expectation of the random variable (z/o-,x)- However, it appears to be 
useful for this purpose to choose an appropriate trivialization of L in the neighborhood 
of every point x & X, whose norm reaches a local maximum at x where it equals one. 
We are going to make such a choice instead of the trivialization e defined on the whole 
U, as discussed in the following Proposition [3] and §2.31 

Proposition 3 Let X be a smooth complex projective manifold of positive dimension 
n equipped with a Lefschetz pencil p : X ---> CP^. Let L be an ample holomorphic 
line bundle equipped with a Hermitian metric h of positive curvature u. Let U be an 
element of an atlas adapted to {p^L) and [vi^--- ,t'„„i,e) be an associated relative 
trivialization. Finally, let {gx)xeu be a family of germs of holomorphic functions such 
that Qx is defined in a neighborhood of x and ^g^i^x) = —\ogh'^{e'^,e'^)\x- Then, for 
every function x : X — t- M o/ class C^ with support in U , disjoint from the critical set 
of p when n > 2, and for every a G H^{X] L'^) \ Ad, we have: 



n-l 



n—l—k 



where 

d^\faA^ + ^ \dfa,x{Vi) + /a.xl^fl'x (t'i) P 

and a = fa,x^'^v{gx)€-'^ in the neighborhood of every point x E U. 

The condition on {gx)x&u in Proposition [3] ensures that exp{gx)e'^ is a holomorphic 
trivialization of norm one at x, so that h'^{a,a)\x coincides with \fa,x{x)\'^. The point 
X in Xx is a parameter and not a variable, so that A^; reads in the neighborhood of x 
as a function 

(n-l 
d^\fa,x\^{z) + J^ \dfa,x{Vi)\^ + fa,xi^)9gx{Vi)\^\'^ 
i=l 

and ddXx in the formula given by Proposition [3] stands for its second derivative 
computed at the point x. Note that if W is a locally finite atlas adapted to {p,L), 
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and if {pu)u&u is an associated partition of unity, then for every function x : X — )■ M 
of class C^, with support disjoint from the critical locus of p when n > 2, and for 
every open set U eU, the function xu = PuX satisfies the hypotheses of Proposition 

El while X = T^ueuXu and (z/^,x) = T.ueui'^'^^Xu)- 

Proof. Let a G H^{X;L'^) \ A^ and x E U \ Crit(p). By definition, f„^u = 
f^^^ exp{g^) and for every 1 <i <n-l, 

dfa,u{vi) = (<9/^,x(^'^) + fa,xdgx{vi))exp{g^). 

As a consequence, Xu = ^gx + Xx, so that at the point x, A{/(x) = — log /i^(e^, e'^)(x) + 
Xx{x). Since dd^gx vanishes, the equality ddXu = ddXx holds in a neighborhood of 
X, Hence, formula flPMp rewrites 



K,X) = ^^T^Y^n^ ^ 9^X (- log h\e\ e') + Xx,) {ddX 

ddxAtuAXuiddXuT-^ 



(27^)-l#7^. J J, 

ddxAXx,{ddXxr-' 



(27^)-#7^. J J, 

The first part of the latter right hand side follows from the relation dd{Xu{ddXu)^~'^) = 
{ddXuY~^, the curvature equation u = j^dd{—\ogh'^{e,e)) and Stokes's theorem. 
The second part of this right hand side comes from ddXu = ddXx- Applying this 
procedure (n — 1) times, we deduce by induction and Stokes's theorem the relation 



'^"•^■' ^ wfL^^^ 



n.-l . 

y . _ _ 

I \ V \n—k^k I ;:);:)^ a , M a \ f ^^\ \n—\—k 



E(^)""'^' / ddxAuj''AXx{ddXxy 

1 — n "J ^ 



u 



Corollary 1 Under the hypotheses of Proposition\3, 

+11^ E(^)""'^' [ ddxAco^A f XxidOXxT-'-'dfiia) 

itl<-a ^ ^TT Jx JHO{X;Ld)\Aa 

Proof. The result follows by integration over H^{X] L'^) \ A^ of the relation given 
by Proposition [31 □ 

2.3 Hormander's peak sections 

Let L be a holomorphic line bundle over a smooth complex projective manifold, 
equipped with a Hermitian metric h of positive curvature u. Let x be a point of X. 
There exists, in the neighborhood of x, a holomorphic trivialization e of L such that 
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the associated potential (f) = —\ogh{e,e) reaches a local minimum at x with Hessian 
of type (1, 1). The latter coincides, by definition, with u{.,i.). The Hormander L^- 
estimates makes it possible, for all rf > and maybe after modifying a bit e'^ in 
L^-norm, to extend e'^ to a global section a of L'^. The latter is called peak section 
of Hormander, see Definition [71 Moreover, G. Tian (Lemma 1.2 in [TS]) showed that 
this procedure can be applied to produce global sections whose Taylor expansion at x 
can be controlled at every order, as long as d is large enough. We recall this result in 
the following Lemma H] where we denote, for every r > 0, by B{x, r) the ball centered 
at X of radius r in X. 

Lemma 4 [See fT8^ - Lemma 1.2] Let (L, h) he a holomorphic Herm,itian line bundle 
of positive curvature uj over a smooth complex projective manifold X. Let x & X, 
(pi, ■ ■ ■ ,p„) G N" and p' > pi + ■ ■ ■ + Pn- There exists d^ & fi such that for every 
d > do, the bundle L'^ has a global holomorphic section a satisfying J^ h'^'i^a, a)dx = 1 
and 

h'{a,a)dx = 0{-^). 

Moreover, if z = (^i,--- , 2„) are local coordinates in the neighborhood of x, we can 
assume that in a neighborhood of x. 



where 



a{z) = A(zr ■ ■ ■ 4" + 0{\z\'^'))e'{l + 0(^)), 



A-2= / |zf ■■■zP"|V(e^e'')da; 



and e is a trivialization of L in the neighborhood of x whose potential = — log /i(e, e) 
reaches a local minimum at x with Hessian u{.,i.). 

Definition 7 We call Hormander's peak section of the ample line bundle L'^ over the 
smooth complex projective manifold X any section given by Lemma^ with pi = ■ ■ ■ = 
Pn = and p' > 1, where d is large enough. 

Note that such a peak section o"o given by Definition [7] has its norm concentrated in 
the neighborhood of the point x given by Lemma HI so that it is close to the zero 
section outside of a -^t— ball. Moreover, the derivatives and second derivatives of ctq 



at X vanish and the value of A at a; is equivalent to w (/^ Ci(L)")(i" as d grows to 

infinity, see Lemma 2.1 of [18]. 

Note also that if the coordinates [zi, ■ ■ ■ , Zn) in Lemma H] are orthonormal at the 
point X, then two sections given by this lemma for different values of (pi, ■ ■ ■ ,p.„) are 
asymptotically orthogonal, see Lemma 3.1 of [TB] . 

2.3.1 Evaluation of the two-jets of sections 

Again, let (L, h) be a holomorphic Hermitian line bundle of positive curvature a; 
over a smooth n-dimensional complex projective manifold X. Let x be a point of X 
and d > 0. We denote by H^ the kernel of the evaluation map a G H^{X]L'^) h-)- 
cr{x) G L^, where L^ denotes the fiber of L'^ over the point x. Likewise, we denote 
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by H2x the kernel of the map a E H^ ^-^ ^o-\x ^ T*X L^. This map does not 
depend on a chosen connection V on L. Denote by H^^ the kernel of the map 
o" £ H2x i-T- V^o-\.j. G Syrn?{T*X) ® L^. We deduce from these the jet maps: 

evalx : a G i/°(X; L*^)///^ ^ ct(x) G Lf , 

ei;a/2.; : (J G i/^/ifsx ^ Va|^ G T^X ® Lf , 
and eval2,x ■ o- G H2x/H^^ t-^ V^ai^; G Sym^{T*X) (g) L^. 

When c? is large enough, these maps are isomorphisms between finite dimensional 
normed vector spaces. We estimate the norm of these isomorphisms in the following 
Proposition HJ closely following 



Proposition 4 Let L be a holomorphic Hermitian line bundle of positive curvature 
over a smooth n- dimensional complex projective manifold X . Let x be a point of X. 
Then the maps d~^evalx, d 2-eval2x and d 2-eval3x as well as their inverse have 
norms and determinants bounded from above independently of d as long as d is large 
enough. 

Note that Proposition H] provides an asymptotic result while the condition that d be 
large ensures that the three maps are invertible. 

Proof. Let o"o be a peak section of Hormander given by Definition [71 By Lemma 

2.1 of [18j, d~^h'^{ao, o"o)|a; converges to a positive constant as d grows to infinity. Let 
ctq "" be the orthogonal projection of (Jq onto H^. The Taylor expansion of ctq "" does 



not contain any constant term, so that by Lemma 3.1 of [IB] (see also Lemma 3.2 

in [I5]), the Hermitian product (ctq, tt^^ttt) is a O(^), where Hctq^'IP = {aQ^^^aQ^') 

denotes the L^-norm of a^^. From the vanishing of the product (ao — a^"", cr^"") we 
deduce that Hctq ""H is a 0{^). It follows that the norm of ctq — ctq "" equals 1 + 0{^) 
and we set 



~ II ^xll' 

Iko-f^o II 

As a consequence, d""'h'^{aQ,aQ)\x converges to a positive constant as d grows to 
infinity. Hence, d~^evalx as well as its inverse, has norm and determinant bounded 
when d is large enough. The two remaining assertions of Proposition 2] follow along 
the same lines. For i G {l,---?7,}, let Uj be a section given by Lemma IH with 
p' = 2, Pj = 1 and pj = ii j ^ i, i ^ {1, ■ ■ -n}, and where the local coordinates 
(zi, ■ ■ ■ , Zn) are orthonormal at the point x. By Lemma 2.1 of [IB], for i G {1, ■ ■ -n}, 
(i~("+^)/i'^(Vo"j, Vcrj)|a; converges to a positive constant as d grows to infinity. The 
sections o",, z G {1, ■ ■ -n}, belong by construction to H^ and we set as before 

I ^ CTi Oj 
* I I H2x I I ' 

Iki-^i II 

where a^ ^"^ denotes the orthogonal projection of a^ onto H2x- We deduce as before 
from Lemma 3.1 of [18] that d~'^'^'^^'^ W^iy a^V al)\x converges to a positive constant 
when d grows to infinity and that h'^{Va^,'Waf)\x = if i 7^ j. The norms of the 
sections o",^, 2 G {1, ■ ■ -n}, all equal one but these sections are not a priori orthogonal. 
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However, by Lemma 3.1 of [18], the products {Va:^,'Va:^) are O(^) if j 7^ i, so that 

ri + 1 

asymptotically, the basis is orthonormal. We deduce that d ~eval2x and its inverse 
are of norms and determinants bounded as d is large enough. The last case follows 
along the same lines. □ 

2.4 Proof of Theorem [1 

Proposition 5 Under the hypotheses and notations of Proposition 0, for all k G 
{0, ■ ■ ■ ,72—1} and X eU , the integral 

' " ' '\Xx{ddX,Y\W{a) 



d' JHO{X:L^)\Aa 

is uniformly bounded by a 0((log(i)^) on every compact subset of X \ Crit{p) when 
n > 2 and on the whole X when n < 2. 

The norms || || appearing in the statement of Proposition \5\ are induced by the 
Kahler metric of X on elements and 2/c-linear forms of T^X, where x G X. It follows 
from Definition m that \\vi\\ may vanish in the models (6) and (c). Before proving 
Proposition [5l for which we will spend the whole paragraph, let us first deduce a proof 
of Theorem [3l 

Proof of Theorem [51 Let x : X — ^ R be a function of class C^ such that 
the support K of ddx be disjoint from Crit(p) when n > 2. Choose a finite atlas 
U adapted to (p, L) given by Definition [6], such that when n > 2, K be covered in 
X \ Crit(p) by elements of U. Let U be such an element of U and (wi, ■ ■ ■ ,Vn,e) be 
an associated relative trivialization given by Definition [61 Without loss of generality, 
we can assume that x has support in U. By Proposition [3] and with the notations 
introduced there, when d is large enough, the expectation E{{u„,x)) equals 

Jx WK-a T7n ^^ JX JHO(X;Ld)\Arf 



#7^. 



By Proposition [21 #7^o- is equivalent to {J^u"')d'^ as d grows to infinity, so that the 
first term converges to j\^ xdx. By Proposition [5l the last integral over H^{X] L'^)\Ad 
is a Q( tjM^ ||2 ), since we integrate on the support of ddx which is disjoint of Crit(j9) 
when n > 2. The result now follows from the fact that the function ||fi||~^ is 
integrable over X. □ 

2.4.1 Proof of Proposition [5l outside of the base and critical loci of p 

Recall that X is equipped with an atlas U adapted to {p, L) and with an associated 
relative trivialization. The compact K given by Proposition [SI is covered by a finite 
number of elements of W. Moreover, we can assume that these elements are all disjoint 
from the critical set Crit(p) when n > 2. Let U be such an element ; it is either of 
type (r) given by Definition [H or of type (6) or (c). Let us prove now Proposition [51 
in the case U be of type (r) and postpone the remaining cases to §2.4.2[ 
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Let X be a point of K fl U . For every a G H^{X; L'^) \ A^, define ho = df^^^ and 
for i e {1, ■ ■ ■ , n - 1}, hi = dfa,x{vi) + dfa,xdgx{vi), so that 

dhi = d{dfa,xiv,i)) + ddgx{vi)df„^x + df^^xd{dgx{vi)). 

Recall here that f^^^x was introduced in Proposition 12] and defined by the relation 
a = fa,xGxp{gx)e'^, where the local section exp{gx)e'^ has norm one at x. It is enough 
to bound by 0((log(i)^) the integral 

^ „ n— 1 n— 1 

d' JHOix-M)\A, U U 

since ||wi|P is bounded from below and above by positive constants in the model (r). 
Recall that 

From this we deduce, for A; G {1, ■ ■ ■ , n — 1}, the upper bound 



\\{dBlog{J2M')n< J2 \\dhiAdhj\ 



where / and J are ordered sets of k elements in {1, ■ ■ ■ ,n} and dhj = dhi-^ A ■ ■ ■ A dhi^, 
if / = (zi, ■ ■ ■ ,ik). Our integral gets then bounded from above by 

Denote by i/^!- the orthogonal complement of Hx in H^[X]L'^), see §2.3.11 Likewise, 
with a slight abuse of notation, denote by Hx/H2x (resp. H2x/H^x) the orthogonal 
complement oi H2x (resp. -ffa^) in -ff^ (resp. H2x)- The space H^{X;L'^) then writes 
as a product 

i7°(X; L") = Hi X (/7,/i72x) x (/^s./^Sx) x i/gx 

while its Gaussian measure /i is a product measure. The terms in our integral only 
involve jets at the second order of sections and hence are constant on H-^x- Using 
Fubini's theorem, it becomes thus enough to bound the integral over the space H^ x 
[Hx/H2x) X {H2x/H^x), whose dimension no more depends on d. 

Moreover, the subspace V-'- C T*X ® L^ of forms that vanish on the n — 1 vectors 
Vi{x), ■ ■ ■ ,Vn-i{x) given by the relative trivialization is one-dimensional. It induces 
an orthogonal decomposition T*X®L'^ = V (B V-^, where V is of dimension n — 1. 
The inverse image of V-^ in H^/H2x by the evaluation map eval2x is the line D 
of Hx/ H2x containing the sections a of Hx whose derivatives at x vanish against 
fi(x),--- ,w„_i(x). We denote by Hx the orthogonal complement of D in Hx/H2x 
and by H2x the direct sum D © {H2x I H^x) ■ 

We then write a = (ctq, ai, 0-2) e if ^ x H^ x H2X and \ho{x)\ = d^/hjoo^ao)^^ = 

CdlWoW^ where ||(To|| = ^/{o\^7^ and by Proposition HI Cdd~^ remains bounded 
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between positive constants as d grows to infinity. For i G {!,■■■ i^ ~^}i hi linearly 
depends on o"o and ai; we write hi{ao, ai) this linear expression. The derivatives dhj 
and dhj depend on o"2. The expression dhj A dhj expands as a sum of 3^^ terms, some 
of which vanish since the forms df^j^x and df^j^^ can only appear once in the expression. 
Denote by hjj one of these 3*^ terms. It is a monomial of degree 2k in ctq, Ui, a2 and we 
denote by Iq the degree of o"o, by li the degree of ai and by l2 = 2k — lo — li the degree 
of o"2 in this monomial. Now, it is enough to bound from above by a 0((log(i)^) the 
following integral, where I, J G {1, ■ ■ ■ , n}'^ are given: 



logEr=o 1^ 



[X 



d^ Jh^xh^xH2. (Er=o 1^ 



X, 



|2U 



\hjj{ao,ai,ai)\\dn{a) 



< 



n— 1 1 



1 f |log(c^||ao|P)+log(l + E:ri^|/^ 



Ikoll' Ikol 



f^'^kJk ~ ~ (-, iS^n-l 1 I, / g-Q _£J^\\2\k\\rr \\2k 

t-d " Jh^xh^xH2^ [i- + 2^i=i -^jri,[j^^,j^^)\ ) \\ao\\ 



We replace n^ by 1 in this integral, without loss of generality, since it remains 
bounded. Define ai = o"i/||fTo||7 so that dai = ., ||2(n-i) '^^i- The integral rewrites 

|log(cl||ao|p) + log(l + Er=7^|/^.(l,«i)P)l 



d 

Now set /3o = ctqa/I + ||cn|p and /3i = ■%, so that d/Sod/Si = ^llZi da^dai. The 



integral becomes 
1 



Vd' 



log(cil|/3o|P)-log(l+rf||/3i|P)+log(l+Erii^|h.(l,v^/3i)|2) 

Id 



... ||Ml,/3i,a2)||||/3o|p("-')-'^e-ll'^oll'd/3oC?/3i(i/x(a2). 

The only terms depending on /3o in this integral are log||/3o|P, ||/9o|P''"~^'*~'^ and 
g-ll/3oll _ They can be extracted from it and integrated over H^ thanks to Fubini's 
theorem. The latter integral over H^ turns out to be bounded independently of d. 
As a consequence, it becomes enough to bound from above the following 

log(c2/d)-log{i + ||/3i||2)+log(l+Er=/;^k.(l,V^/3i)P) 



In 



||/i^j(l,/3i,cr2)||rf/3id/i(a2). 

Note that by Proposition H] and by definition of the functions hi, 1 < i < n — 1, the 
expressions — /ii(l, \fdj3i) are affine in (5i with coefficients bounded independently of 
d. Indeed, only the first term dfa,x{vi) of hi = dfa,x{vi) + dfa^xdgxivi) depends on /3i 
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and by Proposition HI ||i9/o-,2^^||?j. = y/i^^^VoiTVai), grows as ||cri|| times d 2 while 

71 + 2 

Cd grows as d^~ . Let us denote by gi{Pi) these expressions. 

Likewise, the monomial hjj is the product of three monomials of degrees /q, h and 
I2 in (To, 0"! and o"2 respectively. By Proposition |5l the coefficients of these monomials 
are 0((i^~'°), 0((i^~'^^'i) and 0{d~^2~^^) respectively, where l'^ equals if neither 
dffj^x nor dffj^x appears in the monomial hjj, equals 1 if one of these two forms 
appears and 2 if they both appear. As a consequence, ||/i/j(l,/3i, (J2)|| is bounded 
from above, up to a constant, by (i'^""'"^^'^"'"'i~'^/^||/3i||'^||(T2||'^. Now, only the term in 
||(T2||'^ depends on a2 in our integral. Again using Fubini's theorem, we may first 
integrate over H2X equipped with the Gaussian measure dfj,{a2) to get an integral 
bounded independently of d. The upshot is that we just need to bound the integral 

1 f |log(cyrf)-log(i + ||/3i|p) + log(l + Er=lMM^II«ll'.w« 

—r llPiii api. 



There is a compact subset Q of H^ independent of d and a constant C > independent 
of X and d such that 

n-l 



V/3iGg,l<l + J]|(?,(/3i)p<Cand 



n— 1 _ 

4 = 1 

since by Definition H] the vector fields Vi remain uniformly linearly independent on 
the whole U. 

Bounding from above the term ||/3i||'^ by (^ + HAIP)'^/^, we finally just have to 
estimate from above the integrals 

logd 
-'1 



rfi+^-'i 



and 



/■ 


1 


rlR, 


f 
Q 


(H /3illT"'" 


2 "Pi 




logd + log( /3i| 


\')d(3^ 



since \og{l/d+ ||/3i|P) over Q and \og{cd/d) are 0(logd). Note that l[ < max(2,/i), 
so that the exponent 1 + ^-^^^ — l[ is never negative and vanishes if and only if Zq = 0, 
/i = l[ = 2 and thus I2 = 2k — 2. There exists R> such that 

where m = ^ + ||/3i|p. Likewise, there exists T > such that 



2k{l j_\\fll\2\n-!^^ ' L u^+lo/'i 



^^\Q\m?K\ + m\?) 



T 



This last integral is a 0{\ogd), which implies Proposition O when U is of type (r) 
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2.4.2 Proof of Proposition [5] along the base and critical loci of p 

The compact K given by Proposition [S] is covered by a finite number of elements of 
the atlas lA adapted to {p,L). Moreover, we may assume that such elements are all 
disjoint from the critical locus Crit(p) when n > 2. Proposition E] was proved in §2.4.11 
for elements U of type (r) of W. Let us assume now that U is such an element of type 
(6) given by Definition |4] and that x & K (lU. The case where U is of type (c) when 
n = 2 just follows along the same lines. The main part of the proof is similar to the 
one given in §2.4.11 and we have to bound from above the integral 

1 f |log(cl/rf)-log(i + ||/3i|p) + log(l + Er=i'l^.Wni,,. .a,,n 

IIPIII "Pi- 



rfi+^-'i Jh. (1 + ^-/ \9.w,wm + m 



|2^n-f 



However, the norm ||wi|| of the vector Vi given by Definition [S] converges now to 
when X approaches the base locus of p. Denote by H'J. the hyperplane of H^^ consisting 
of the sections whose 1-jet at x vanish against vi, that is the sections whose image 
under evahx vanish against wi, see §2.3.11 Denote then by H'^ the line orthogonal to 
if" in Hx and by /3i = (/9(,/3(') the coordinates on H^ = H'^ x H'^. This time there 
exists a compact subset Q = Q' x Q" of H^, independent of d and oi x E K nU, as 
well as a constant C > such that 

n-l 

V/3i G g, 1 < 1 + J] |^.(/3i)p < C and 

i=l 
n— 1 ^ 

VAG#aQ,l + I]|^.(/3i)P>^(l + ||^i(a:)ini/3;iP+||/3;iP). 

4 = 1 

The integral I over the compact Q is bounded from above by a 0((log(i)^), see §2.4.11 
Only the second integral differs. In order to estimate the latter, let us bound from 
above ||/3i||'^ by (^ + ||/3i||^)'^''^. We have to bound the integral 

logd + log||/3i|pd/3i 



rfi+^-'iyHAQ(l + ||i;i||2||/3;||2+p;'||2)fc(i + ||/3^||2)n-ii±^ 

When n — ^-^-j^ > 1, let us bound from above this integral by 

1 f d(3'l f \ogd + log\\Pi\\^dP[ 



rfi+^-'i Jh^\q>> mw' Jh'aq' mi\?T 



2k l~ _. /ii ^ iioN„_iL±!2 
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There exists R > such that 

1 r logd + iogPiipd/?; 



imwr 



l,+l2 



< 



log d + log 



//1 12 
1 II 



u)du 



ur 2 



logrf + log(||/3l'|p + «) 




[n 



+ 



2 -mwi\? 

logd + log(||/3;-|p + i?) 

2 



'l+'2 
2 



-i)(ii/3ri|2+i?r-^ 
1 



il+Io 



n 



^- 1)2(1 |/3;'||2 + i?)""^i^-i 



Hence, our integral gets bounded from above, up to a constant, by the integral 

I logrf + bg(||/3;'||2 + i?) 
Jh'J,\Q" 11/^1 



"||2(n-l)+io 



-dPl 



which is itself a 0(log(i) since if^' is of dimension n — 2. When n — ^^^^ = 1, which 
implies that Iq = and k = n — 1, we observe that 



(i + ihiiii/3;ii^ + iKin 



^"M2^fc ^ (1 + ihini/3;ip + ii/3rir)(i + ihirii/3;ir + mw')'-' 

> ||^;l||2(l + ||/3,||2)(l+p-||2)fc-l 



as long as ||fi|| < 1, which can be assumed. Our integral gets then bounded by 

1 r dp'i r iogrf + iog||/3i||2ci/3; 



,1 I 'o+'l //,, 110 /- ||«"||2(fc-l) 



m 



which is similar to the previous one. The latter is then bounded from above by a 
O(tt^S^), implying the result. 

3 Total Betti numbers of random real hyper surfaces 

3.1 Statement of the results 

3.1.1 Expectation of the total Betti number of real hypersurfaces 

Let {X, cx) be a smooth real projective manifold of positive dimension n, meaning 
that X is a smooth n-dimensional complex projective manifold equipped with an 
antiholomorphic involution cx- Let it : {L,cl) — > {X,cx) be a real holomorphic 
ample line bundle, so that the antiholomorphic involutions satisfy it o cl = cx o 7^- 
For every d > 0, we denote by L'^ the d-th tensor power of L, by M.H^lX^L'^) the 
space of global real holomorphic sections of L'^, which are the sections a G H^{X] L'^) 
satisfying a o cx = cl o a, and by MA^^ = A^^ fl RiJ°(X; L*^) the real discriminant 
locus. 
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For every section a G M.H^{X\L'^) \ MA^, C^ = a~^{0) is a smooth real hyper- 
surface of X. By Smith-Thorn's inequahty, see Theorem [2l the total Betti number 
6^,(MCo-; Z/2Z) = Yl^=o dimifj(MCo-,Z/2Z) of its real locus is bounded from above 
by the total Betti number 6^,(Co-; Z/2Z) = X]j=o^ dimifj(Co-; Z/2Z) of its complex 
locus, which from Lemma [3] is equivalent to {J^ ci{L)"')d"' as d grows infinity. What 
is the expectation of this real total Betti number? If we are not able to answer to this 
question, we will estimate this number from above, see Theorems H] and [51 Note that 
in dimension one, such an upper bound can be deduced from our recent work [5]. 

Let us first precise the measure of probability considered on M.H^{X; L'^). We 
proceed as in ^ We equip L with a real Hermitian metric h of positive curvature 
CO E il^^'^^X,]^), real meaning that c^/i = h. As in §2.11 we denote by dx = j\-^^^ 

the associated volume form of X, by ( ) the induced L^-scalar product on ]Rif°(X; L*^), 
and by /xjr the associated Gaussian measure, defined by the relation 

VA C RH\X■L''),^^^{A) = ^^^ f e-ll'^ll'rfa. 

[^/7^y^^i J A 

For every li > 0, we denote by 

jRHO(X;L'i)\RA^ 



the expected total Betti number of real hypersurfaces linearly equivalent to L'^. 

Theorem 4 Let (X, cx) be a smooth real projective manifold of dimension n greater 
than one equipped with a Hermitian real line bundle (L, cl) of positive curvature. 
Then, the expected total Betti number E^{h^,{^Ca]'L/2'L)) is a o{d"') and even a 
0{d{\ogdY) ifn = 2. 

Note that the exact value of the expectation EK.{h*{M.Ca\ Z/2Z)) is only known when 
X = CP^, see [11], [16] and [1]. While we were writing this article in June 2011, Peter 
Sarnak informed us that together with Igor Wigman, he can bound this expectation 
by a 0{d) when X = CP^ and suspects it is equivalent to a constant times d when d 
grows to infinity. Such a guess was already made couple of years ago by Christophe 
Raffalli, based on computer experiments. 

It could be that this expectation is in fact equivalent to rfa" times a constant as 
soon as the real locus of the manifold {X, cx) is non empty and in particular that the 
bound given by Theorem H] can be improved by a 0((i2 ). When {X, cx) is a product of 
smooth real projective curve for instance, we can improve the o{d"') given by Theorem 
mby a 0((i2 (logc?)"), being much closer to a 0{d2) bound, see Theorem [5] below. This 
d2 can be understood as the volume of a 4^ neighborhood of the real locus M.X in X 

for the volume form induced by the curvature of L'^, where 4^ is a fundamental scale 
in Kahler geometry and Hormander's theory of peak sections. A peak section centered 
at X can be symmetrized to provide a real section having two peaks near x and cx{x), 
see §3.21 This phenomenon plays an important role in the proof of Theorem H] and 
seems to be intimately related to the value of the expectation £'k(6*(]RCo-; Z/2Z)). 
Note finally that Theorem H] contrasts with the computations made by Fedor Nazarov 
and Mikhail Sodin in [H] for spherical harmonics in dimension two, as well as with 
the one achieved by Maria Nastasescu for a real Fubini-Study measure, as P. Sarnak 
informed us. In both cases, the expectation is quadratic. 

20 



Theorem 5 Let {X, cx) be the product of n > 1 smooth real projective curves, 
equipped with a real Hermitian line bundle (L, c^) of positive curvature. Then, the 
expected total Betti number E^{b^,{RC„] Z/2Z)) is a O^d'iilogdY). 

3.1.2 Random real divisors and distribution of critical points 

Our proof of Theorem |4] is based on a real analogue of Theorem [3] that we formulate 
here, see Theorem [61 We use the notations introduced in §3.1.11 and equip X with 
a real Lefschetz pencil p : X ---> CP^, see ^T] For every li > 0, denote by MA^; = 
AdflMif °(X; L'^) the union of MA^ with the set of sections a e Mif °(X; L"^) such that 
either C^ contains a critical point of p, or p\c^ is not Lefschetz, see §2.11 Denote, as 
in §2.11 by TZ^r the critical locus of the restriction p\c„i where a G M.H^[X] L'^) \ MA^^. 
Then, for every continuous function x : X — )■ M, denote by 

Eu{{iya,x)) = -1^^ / - ( y] x{x))d^i^{a) 



X^Tla 



the expectation of the probability measure v^ carried by the critical points of p|c^, see 
Definition [3l computed with respect to the real Gaussian measure /xk and evaluated 
against x- 

Theorem 6 Let [X, Cx) be a smooth real projective manifold of positive dimension 
n equipped with a real Lefschetz pencil p : X ---> CP^ of critical locus Crit{p). Let 
(L, cl) — >■ {X, cx) be a real ample line bundle equipped with a real Hermitian metric of 
positive curvature. Let {xd)d&i* be a sequence of elements o/C^(X, M) which converges 
to X 'i'l^ //^(X, R) as d grows to infinity. Assume that 

, \ogd 

sup d{x,cx\x)) > 2 — ^. 

xeSuppixd) yd 

When n > 2, assume moreover that the distance between Crit{p) and the supports of 
Xd, d > 0, are uniformly bounded from below by some positive constant. Then, the 
real expectation £^ir((z/o-, x)) converges to the integral J^xdx as d grows to infinity. 
More precisely. 

In this Theorem [6l Supp(xd) denotes the support of Xd and d{x,cx{x)) the distance 
between the points x and cx{x) for the Kahler metric induced by the curvature u of 
L. 

3.2 Real peak sections and evaluation of two-jets of sections 

Let (X, Cx) be a smooth real projective manifold of positive dimension n and (L, cl) — >• 
(X, cx) be a real holomorphic ample line bundle equipped with a real Hermitian met- 
ric h of positive curvature. 

Definition 8 A real peak section of the ample real holomorphic line bundle (L, cl) 
over the real projective manifold (X, cx) is a section which writes <y~^^f^n , where a is 
a peak section of Hormander given by Definition^ and c*a = c^d o a o cx- 
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Recall that from Lemma HI the L^-norm of a peak section concentrates in a -^ 
neighborhood of a point x G X. When x is real, the real peak section m^^^,^,, looks 
like a section of Hormander given by Definition [71 When the distance between x 
and Cx{x) is bigger than -^fr, more or less half of the L^-norm of this real section 
concentrates in a neighborhood of x and another half in a neighborhood of cx{x). 
Such a real section has thus two peaks near x and cx{x). When d{x, cx{x)) < 2^^, 
these two peaks interfere, interpolating the extreme cases just discussed. We are now 
interested in the case d{x,cx{x)) > 2-^, where we can establish a real analogue of 
Proposition HI 

Lemma 5 Let (L, cl) be a real holomorphic Hermitian line bundle of positive cur- 
vature over a smooth real projective manifold {X, cx) of positive dimension n. Let 
{xd)d&N* be a sequence of points such that d{xd,cx{xd)) > 2-^ and let {ad)deN* be 
an associated sequence of sections given by Lemma^ with p' = 2. Then, the Hermi- 
tian product {ad,c*ad) is a O(^), so that the norm \\o-d + c*ad\\ equals \/2\\ad\\{l + 
0{l/d')). 



Proof. By definition, 

{(Td,c*ad) = / h'^{ad,c*ad)dx 
Jx 



/ h'^iad, c*ad)dx + / h'^iad, c*ad)dx 

\ 1/2 / \ 1/2 

< I / h'^{ad,ad)dx] / h'^{c*ad,c*ad)dx 



Bi.,lS^) J \JBi.,l^) 




h {ad, ad)dx 1 ( / . , h {c*ad, c*ad)dx 

by Cauchy-Schwarz's inequality. We deduce that 



X\B{x,^-2&i) J yj x\B{x,^-2&3) 



1/2 / N^ 1/2 



{ad,C*ad) < \\(Jd\ 



\ 1/2 / \ 1/2] 

h'^iad,ad)dx] + / h'^{c*ad,c*ad)dx 



By assumption, the balls B(x, -^) and B{cx{x), -^t-) are disjoint, so that by Lemma 
m these two last terms are 0(l/(i^)||o-d||. Hence, 

{crd + c*ad,crd + c*(Td) = 2||crd|p + 25R(ad, cV^) 

= 2\\ad\\' + 0{l/d')\\ad\\', 

so that \\ad + c*ad\\ = V2\\ad\\{l + 0{l/d^)). D 

Set RH^ = H^n Mif°(X;L"'), Mi/sx = i^2x- H RH^X^L"^) and RH^^ = H^^ n 
RH^{X\ L'^), where Hx, H2x and H^x have been introduced in §2.3.11 Likewise, with 
a slight abuse of notation, denote by evalx, eval2x and eval^x the restrictions of the 
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evaluation maps to the spaces RH°{X; L'^)/RH^, Rif^/MiJax- and Rifax/Mi^sx re- 
spectively, so that: 

eval^ : a G RH\X; L'^)/RH^ ^ a(x) G Lf , 

evakx ■■ (T G RHx/RH2x ^ Va|^ G T^X (g) L;^, 
and ewa/sx : (t G RH2jRH3^ ^ VV|^ G Sym'^{T*X) (g) L^. 

The following Proposition [6] is a real analogue of Proposition HI 

Proposition 6 Let (L, cl) be a real holomorphic Hermitian line bundle of positive 
curvature over a smooth complex projective manifold X of positive dimension n. Let 
{xd)d&w be a sequence of points in X such that d{xd,cx{xd)) > 2\ogd/\/d. Then, the 
maps d~2evalx^, d '^eval2xi o,nd d ^eval^x^ as well as their inverse have bounded 
norms and determinants, as long as d is large enough. 

Note that the evaluation maps eval^^, eval2xa ^^^ ^vals^a oi Proposition E] are only 
M-linear. 

Proof of Proposition [H], The proof is analogous to the one of Lemma El Let 
aQ = ,,^]|]^,^,, be a real peak section given by Definition |H1 where a is a peak section 

given by Xd and Definition [71 From Lemma we know that ||ct + c*a\\ equals 
a/2 + 0(l/c?^). Moreover 2^ < d{xd,cx{xd)) and by Lemma HI the L^-norm of 
c*a in a neighborhood of Xd is a 0(l/(i^). From the mean inequality, we deduce 
the bound (see [9|, Theorem 4.2.13 for instance) h'^{c*a, c*a)\x^ = 0{l/d'^), so that by 
Lemma 2.1 of [18], d~"'h'^{ao, o'o)\xi converges to a non negative constant as d grows to 
infinity. Denote by o"q "" the orthogonal projection of (Tq onto MH^. We proceed as in 

the proof of Proposition H] to get that (a, -rfhirri) = ^il) ^^*^ likewise {c*a, -rfmirri) = 

ll'^o II 11^0 II 

0(4), since c is an isometry for the L^-Hermitian product. Hence, (ctq, ..'^mh^.. ) = 

11^0 II 

0(h). Writing aJr = ,,°^° "^M^m we deduce as in the proof of Proposition HI that 

" Iko-o-Q "=11 

d~"'h'^{aQ,(TQ)\x^ converges to a positive constant as d grows to infinity. Replacing a 
by ia, we define ao = |UCT°+c-'(iff°)|| ^^"-^ check in the same way that (i~"/i'^(a^, a^)|a;^ 

O"0 (^^d) 



converges to a positive constant as d grows to infinity. But the quotient '^^j^ and 
thus "^Y"^' converge to z as d grows to infinity. Likewise 



, _, {a + c*a,ia - ic*a) 2^{i{a,c*a)) ^,1, 

(erg, (Jo) = -; -r-n ■ rT = Tl mT- ■ TT = O(-), 

||(T + c cr||||2cr — ?c (t|| ||cr + c cr||||«cr — 2C (T|| d 

so that (cr^,?o") = 0{^) and d~^evalx as well as its inverse have bounded norms and 
determinants when d grows to infinity. The remaining cases are obtained by similar 
modifications of the proof of Corollary [H □ 

3.3 Proof of the main results 

3.3.1 Proof of Theorem [6] 

The proof goes along the same lines as the one of Theorem [31 We begin with the 
following analogue of Corollary [H 
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Corollary 2 Under the hypotheses of Proposition 0, we assume moreover that the 
manifold X and Hermitian bundle L are real. Then, 



#7^. jx 

n-l 






where 



n-l 



K = log rf^|/<7,x|^ + ^ |5/<7,x(^^i) + fa,xdgx{Vi)[' 



i=l 



Proof. The result follows after integration over M.H^ {X ; L'^) \ MA^ of the relation 
given by Proposition [31 □ 

Proof of Theorem E]. We apply Corollary [2] to the functions Xd, d > and use the 

notations of this corollary. The first term in the right hand side of the formula given 
by this corollary is J^Xddx + 0{^\\Xd\\L^) as follows from Proposition [2j It is thus 
enough to prove that for fc G {0, ■ ■ ■ , n— 1} the integral f^fjo/x-L'i)\mA "^xi^ddX^Y djji{a) 
is uniformly bounded on the support of ddxd by a O^d^ilogd)"^ /WviW^) since l/||wi|p 
is integrable over X. The space Mif°(X;L'') \ MA^ is equipped with its Gaussian 
measure, but the integrand only depends on the two-jets of sections a e M.H^[X] L'^) 
at the point x G X\(MXUCrit(p)). Since the Gaussian measure is a product measure, 
writing ]Rif'^(X; L'^) as the product of the space M-ffsa; introduced in §3.21 with its 
orthogonal complement K-f/^^, we deduce that it is enough to prove this uniform 
bound for the integral ^t^h^x^-^ Xx{ddXxYd^{a). By Proposition [6l the evaluation 



maps evalx, eval2x and eval^x of jets up to order two at x provide an isomorphism 
between ^H^^ and L^ © {T*X ® Lfj © {Sym'^{T*X) ® Lf ). In particular, this implies 
that the space Mif§^ is also a complement of the space H^x introduced in §2.3.11 
By Proposition m these evaluation maps factor through an isomorphism J^^ between 
]Rif§^ and the orthogonal complement H^^ of H^^ in H^i^] L'^)- By PropositionlHand 
Proposition El the Jacobian of Id is bounded independently of d, while the Gaussian 
measure /xk is bounded from above on M_ff^. by the measure {Id)*^J' up to a positive 
dilation of the norm, independent of d. After a change of variables given by this 
isomorphism Id and after the one given by the dilation, it becomes enough to prove 
that the integral ^HOixL'i)\A ^x{ddXx)''dfi{a) is uniformly bounded on the support of 
Xd by a 0{d^{\ogd)'^/\\vi\\'^). The latter follows from Proposition [5l □ 

3.3.2 Proof of Theorem g] 

Equip {X, cx) with a real Lefschetz pencil p : X --^ CP^ and denote by F a regular 
fiber of p. For every section a G Rif°(X;L'^) \ MA^, the restriction of p to MCg. 
satisfies the hypotheses of Lemma [H so that 

K{RC,; Z/2Z) < K{RF n RC,; Z/2Z) + #Crit(p|McJ- 
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By Smith-Thorn's inequahty, see TheoremEl 6,(MFnMC<,; Z/2Z) < h{FnC^; Z/2Z) 
while from Lemma [3] apphed to L\p, h^{F n Co.;Z/2Z) is a 0{d"'~^). As a conse- 
quence, we have to prove that the expectation of #Crit(p|]gc^) is a oi^dP") and even a 
0{d{logdf) when n = 2. 

Let us identify a neighborhood ^ of MX in X with the cotangent bundle of MX. 
We can assume that V^\MX does not contain any critical point of p. Let x : ^ ~^ [0, 1] 
a be function of class C^ satisfying x = 1 outside of a compact subset of V and x = 
in a neighborhood of MX. For every (i > 0, let Xd • ^ ~^ [0, 1] be the function 
which equals one outside of V and whose restriction to V writes in local coordinates 
(g,p) e V^ ~ T*MX H-> x(q', i^p) ^ [0, 1], where q is the coordinate along MX and 
p the coordinate along the fibers of T*MX. This sequence (xd)d>o converges to the 
constant function 1 in V-^X,"^) as d grows to infinity, while the norm ||<9(9xd||Li(x,R) 
is a 0((^)""2). Moreover, for every x G Supp(xd), d{x,cx{x)) > 2^, so that 
when n = 2, Theorem |6] applies. From Proposition |2l we thus deduce that 

/ ( y, Xd{x))dfiu{a) = #7^. + 0{d{\ogdf). 

Moreover, for every a G RH'^{X; L'^) \ MA^^ and every c? > 0, we have #Crit(p|iKC'^) < 
ij^lZa — Tlixen Xd(yX), so that after integration, 

/ _ i^Cnt{p\Rc^)d^R{a) = 0{d(\ogdf), 

jRHO(X;L'i)\RAa 

hence the result when n = 2. 

When n > 2, we apply Theorem [6] to the function x and deduce that 

( V x{x))dfiR{cr) = ( / xc^x)#7^. + Oid'^-^logdf). 

lRHO{X;L'i)\RAa ^g^^^ Jx 

The expectation of the number of real critical points satisfies now the bound 
/ #Crit(p|McJc?/iK(a) < (1 - / Xdx)#n^ + ©(^"-^(logrf)^). 

jRH°(X;L'')\RAa Jx 

Changing the function x if necessary, the difference (1 — J^ xdx) can be made as small 

as we want. We thus deduce from Proposition[2]that c/"" jRHO(x-L'i)\RA #^"^(P|irc<t)'^/^m(c") 

converges to zero as d grows to infinity and the result. 

3.3.3 Proof of Theorem [5] 

We will prove Theorem [S] by induction on the dimension n of (X, cx)- When n = 2, 
Theorem [5] is a consequence of Theorem HI Let us assume now that n > 2 and 
that (X, Cx) is the product of a real curve (S,cs) by a product of curves {F^cp) of 
dimension n — 1. We denote by p : (X, cx) — ;■ (S,C2) the projection onto the first 
factor. Again, for every section a G Mi7'^(X, L'^) \ MA^, the restriction of p to "^Ca 
satisfies the hypotheses of Lemma [1], so that 

6, (Ma; Z/2Z) < 46, (MF n MC,; Z/2Z) + #Crit(p|KcJ- 
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Let us bound from above each term of the right hand side of the latter by a 0{d2 (log d)"^ 
Every connected component R of M.X has a neighborhood in X biholomorphic to 
a product of annuli in C and thus satisfies the conditions of Definition [HI Indeed, 
every complex annulus has a non vanishing holomorphic vector field. By product, 
every component of M.F has a neighborhood in F trivialized by ra — 1 vector fields 
Vi,- ■ ■ , Vn-i- We deduce a trivialization of kei dp = TF in the neighborhood of R. 
This open neighborhood can be completed into an atlas adapted to p with open sets 
disjoints from RX. For every rf > 0, set 6'^ = 1 — Xd, where {xd)d>o is the sequence of 
functions introduced in §3.3.21 Corollary [2] applies to 9^ whose L^ norm is a 0((-^)") 

whereas ||c?^6'rf||ii(x,R) is a 0((-^)"~^), so that the conclusions of Theorem E] also 
hold for 9d- As a consequence. 



/ 

Jr 



{T ^'i{x))d^i^{a) = o{d^\ogdr). 

Since for every a G RH^{X; L'^)\RAd and every d > 0, #Crit(p|MC7j < ExG7^. ^<i{x), 
we deduce that i^Cnt{p\uc^) is a 0{d2 (logd)""). 

It remains to prove that the same holds for the integral J^fjo(x-L'')\RA ^*(M^ ^ 
M.C(j] Z/2Z)(i/i]8(cr). If the space of integration was the space of real sections of the 
restriction L\f, this would follow from Theorem [S] in dimension n — 1. We will thus 
reduce the space of integration to this one. Let us write (F, cp) = (S2, Co-j) x (Y, cy) 
where (^2,00-2) is a smooth real curve and (Y,cy) a (n — 2)-dimensional product of 
curves. From Lemma [1], for every a G RH^{X; L'^) \ R^d, 

KiRF n Ma; Z/2Z) < AKiRY n RC„- Z/2Z) + #Crit(p2|EFnMcJ, 

where p2 : -^ — ^ S2 is the projection onto the first factor. Denote, with a slight abuse 
of notation, by 6d the restriction of 6d to F. We have 

/ _ #Crit(p2|RFni8C<.)c?AiK(o-) < / \ V] dd{x)\ dfi^ia). 

jRHOiX;L^)\RA, JmHO(X;L<^)\MA, \,eCnt(p|^ncJ / 

After integration over RH^{X; L'^)\RAd of the relation given by Proposition [3] applied 
to F and Vi,- ■ ■ , w„_2, we deduce 



edoo""^' 

n-2 



HP\FnC,r) / 



^.=0 ^^ JRHO{X;L'i)\RAa 

where 

(n-2 
d'^\fa,xf + Yl l^f'^A'^i) + U,xdgxivi)\ 
i=l 

compare with Corollary [H We then proceed as in the proof of Theorem |U noting that 
the latter integral only depends on the two-jets of sections a G RH^{X\ L^) \RArf. Let 
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us thus decompose M.H^{X; L'^) as the product of the subspace Mifs^ of sections whose 
two-jet at X G -F of their restriction to F vanishes, with its orthogonal complement 

RH^-^. We get 

jRHO{X;L'i)\M.Aa JRH^^\Aa 

for every k. Likewise, the space of sections Rif *^(F; Lj^^,) of the restriction L\f decom- 
poses into the product RH^^ x Mif^. From Proposition [6], the map 



1 
7d' 



a e RHi ^aF = ^w^{(y\F) e RHi^, 



composition of the restriction map to F, a contraction by yd and projection pr-*- 
onto M-ff^, as well as its inverse are of bounded norms and determinants. This map 
in fact asymptotically coincides with the isomorphism RH^^ — )■ L^ © T*F ® L'^. ® 
Syrn?'{T*F) ® L^ given by the evaluation maps, composed with the inverse of the 
isomorphism RH^^ -)■ L^ © T*F (g) Lf © Sym'^{T*F) (g) Lf given by the evaluation 
maps, see Proposition [51 From Lemma 3.1 of [18], the restricted section a\F is indeed 
asymptotically orthogonal to Mi^s^. Hence, there is a constant C > such that 

II / K{ddKr-''-''dfiu{a)\\ < C\\ f {\ogd + K){ddXX-''-^dM^F)\\, 

JwHi-^\Aa JRH^-^XAa 

since /^^^ ^ = y/dfaF,x^ so that asymptotically, Xxio-p) = ^ogd + Xx{a)iF. Proceeding 
as in the proof of Theorem IU the latter right hand side is a 0{d"'~^~^(\ogd)^). We 
deduce that 

/ ^ #Crit(p2|RFnRC„) = 0{d"'~'^\\ed\\mF,R)) 

jRHO{X;L'i)\RAa 

+o{d'^-\hgdndde,\\L^F,R)) 

= 0{d^{hgd)'')). 
Hence, the result follows by recurrence over the dimension n. 

3.4 Final remarks 

Several technical issues prevent us from improving Theorem |4] with a 0{d2(logd)^) 
bound in general or a 0{d2) bound. 

1. First of all. Theorem El which is central in the proof of Theorem HI contains 
a 0(i||x||Li) term. It comes from the fact that the number ^TZ^ of critical points 
of our Lefschetz pencil does not coincide with the leading term (J^ ci(L)")(i" given 
by Poincare-Martinelli's formula, but is rather a polynomial of degree n given by 
Proposition [21 having {J^ ci{L)'^)d^ as leading term. It would be of interest to identify 
every monomial of the latter with a term of Poincare-Martinelli's formula or of any 
analytic formula. Anyway, because of this 0(^||x||li) term in Theorem [6l we cannot 
use the function x with support disjoint from RX which we used in the proof of 
Theorem [H but rather have to use the function 6 with support in a neighborhood of 
RX and which equals 1 on RX which we used in the proof of Theorem [3 
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2. The use of Poincare-Martinelli's formula with local trivializations (^i, ■ ■ ■ , Vn-i) 
forces us to choose an atlas U on X and an associated partition of unity {pu)u&u- 
As a consequence, even if a function 9 on X equals one in a neighborhood of MX, 
so that ddO has support disjoint from MX, this is not true for the functions pjjO, so 
that Theorem [H] or Corollary |2] cannot be used. Recall that on MX, or near MX, at a 
smaller scale than -2^ , the two peaks of a real peak section interfere so that results of 
Proposition[H]on evaluation maps no more hold. This forces us to have a neighborhood 
of each connected component of MX on which the vector fields wi, ■ ■ ■ , Wn are globally 
defined, as it is the case for products of curves for instance. 

3. Our Lefschetz pencils do not produce Morse functions from MX to M, but 
rather from MX to MP^. As a consequence, the total Betti number of MX is not 
bounded from above by the number of critical points of this pencil, one has to take 
into account also the total Betti number of a fiber, see Lemma [H and thus prove 
the result by induction on the dimension. Such a fiber of the pencil becomes then 
submitted to the same constraints as X. 

4. The weak convergence of the measure given by Theorems [3] and [6] was only 
proved at bounded distance of the critical set of the Lefschetz pencil in dimensions 
n > 2. It is actually not hard to prove it on the critical set for n = 3 but seems 
less clear to us for n > 3. This is another obstacle since the pencils have real critical 
points in general, which have to be approached by the supports of our test functions 

e. 

5. The -^-scale which we use throughout the paper comes from Lemma H] taken 
out from [18]. It ensures that outside of the ball of radius -^, the L^-norm of peak 
sections is a 0{-kp-). This -^ might be improved by a -^ instead if a weaker upper 
bound for this L^-norm, such as a 0(1), suffices. However, even with such a 4=-scale, 
we would still have some \ogd term in our Theorem HI because some \ogd term shows 
up in our estimates of integrals arising from Poincare-Martinelli's formula, at the end 

of a2xn 

Note finally that what is the exact value of the expectation in Theorem H] remains 
a mystery, as well as what happens below this expectation. Is there any exponential 
rarefaction below this expectation similar to the one observed in [5]? Is indeed the 
expectation a constant times d'^ as soon as MX is non empty? 
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